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In a number of previous publications we demonstrated that the Two Measures Field Theory 
(TMT) enables to resolve the old cosmological constant (CC) problem avoiding the Weinberg's no- 
go CC theorem and together with this TMT agrees with all tests of the Einstein's general relativity 
and allows inflationary scenarios. Analysis performed in the present paper shows that there exists 
an intrinsic symmetry of TMT which emerges in the A = ground state. This symmetry contains a 
subgroup of inversion of the sign of the metric g^v — » — <7ni^ studied recently by a number of authors 
as the symmetry imposing zero CC. We show that realization of this idea in TMT is free of fine 
tuning and has no problems typical to other approaches. 
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If the cosmological constant (CC) indeed equals zero 
the genuine reason of the exact cancelation of all con- 
tributions to the vacuum energy density is the most in- 
triguing puzzle of field theory and cosmology. One could 
expect that there is going to be a chance to solve the 
old CC problemji] if the CC term is forbidden by some 
symmetry. Recently two related approaches have been 
discussed in literature: one is based on the ideaf^l to 
postulate a symmetry with respect to a transformation 
towards imaginary values of the space-time coordinates 
— > ix^] other postulates a symmetry transforma- 
tion changing the sign of the metric tensor g^^ — > ~g^^- 
These approaches encounter a number of very serious 
problems concerning boundary conditions, surviving of 
Standard Model, etc.. 

A softer realization of the idea of a symmetry imposing 
zero CC consists of the hypothesis 2] that such a symme- 
try emerges only in the vacuum. However in this case the 
theory must also dynamically provide a zero vacuum en- 
ergy state without fine tuning. The aim of the present pa- 
per is to demonstrate that the Two Measures Field The- 
ory (TMT) possesses exactly these features. In fact, in a 
number of our papers 0,0 has been demonstrated that 
the TMT enables to resolve the old CC problem avoiding 
the Weinberg's no-go CC theorem[l| and together with 
this TMT agrees with all tests of the Einstein's gen- 
eral relativity (GR) and allows inflationary scenariosQ. 
In the present paper we show that the fine tuning free 
transition to the A = ground state in TMT and the 
emergence of an intrinsic TMT symmetry group (we call 
Einstein symmetry) are effects mutually supporting each 
other. Transformations of the Einstein symmetry involve 
the inversion g^i, — > —gf^u- Here g^j/ is the metric ten- 
sor used in the underlying action where the space-time 
turns out to be non-Riemannian generically. During the 
process of the transition to the A = vacuum state, 
the Einstein symmetry manifests itself dynamically and 
in particular g^^ oscillates about zero. But the metric 
tensor in the Einstein frame is always regular. 

TMT is a generally coordinate invariant theory where 
the effective action for 'gravity -t- matter' at energies be- 



low the Planck scale has the formQ-Q 

S = j Li$d^x + j L2^/^d^x (1) 

including two Lagrangians Li and L2 and two volume 
measures ^/—g and One is the usual measure of in- 
tegration \/—g in the 4-dimensional space-time manifold 
equipped with the metric .9^,^. Another is the new mea- 
sure of integration $ in the same 4-dimensional space- 
time manifold defined by means of four scalar fields ipa 

^ ^ ei"'"Peabcdd^,^ad,^bdo.Vcdp^d, a =1,2,3,4 (2) 

One should pay attention that the measure $ is sign in- 
definite. This fact turns out very important for problems 
studied in the present paper and it is a basic difference 
from the attempts in Refs.QjQ] to realize a symmetry 
changing the sign of the volume element. In Measure 
Theory [Sj a sign indefinite measure is known as "signed 
measure" . 

In TMT it is assumed that the Lagrangian densities Li 
and L2 are functions of all matter fields, the metric, the 
connection but not of the "measure fields" ipa- In such 
a case, i.e. when the measure fields enter in the theory 
only via the volume measure $ in the form as in the 
action ([1]), the theory possesses an infinite dimensional 
symmetry [5|. One can hope that this symmetry should 
prevent emergence of a measure fields dependence in Li 
and L2 after quantum effects are taken into account. 

Finally, TMT is formulated in the first order formal- 
ism, that is all fields, including also metric, connection 
and the measure fields ipa are taken as independent dy- 
namical variables. All the relations between them are 
results of equations of motion. In particular, the inde- 
pendence of the metric and the connection means that 
the relation between them is not necessarily according 
to Riemannian geometry. If we were proceed in the sec- 
ond order formalism then the theory would be different 
from TMT we have studied in Refs. seeQ and 

references therein. 

Except for the listed assumptions we do not make any 
changes as compared with principles of the standard field 
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theory in curved space-time. In other words, all the free- 
dom in constructing different models in the framework of 
TMT consists of the choice of the concrete matter con- 
tent and the Lagrangians Li and L2 that is quite similar 
to the standard field theory. 

Since $ is a total derivative, a shift of Li by a constant, 
Li ~* Li + const, has no effect on the equations of mo- 
tion. Similar shift of L2 would lead to the change of the 
constant part of the Lagrangian coupled to the volume el- 
ement ^J—gd^x. In the standard GR, this constant term 
is the CC. However working with the metric g^u of the 
underlying action ([T]) we deal with a non-Riemannianin 
space-time. This is why the relation between the con- 
stant term of L2 and the physical CC is very non trivial. 

Varying the measure fields tpa, we get i?^9^Li = 
where = s''''"'^eabcddufbdafcdi3ipd- Since Det{B^) = 
^^<I>'^ it follows that if $ 7^ (i.e. except for possible 
topological defects where $ might be zero) 

Li — sM* — const (3) 

where s = ±1 and M is a constant of integration with 
the dimension of mass. Variation of the metric g^'' gives 

is the scalar field build of the scalar densities $ and ^—g. 
We study models with the Lagrangians of the form 

Li = --R{T,g) + LT, L2 = -^-^R{T,g) + L^ (5) 

K K 

where F stands for affine connection, R{T,g) = 
g'^-i?^.(r), R^,{T) = R^^^^iT) and R^^^A^) ^ T^^,^, + 
^aa-^p.i' — (i^ ^ ct). Dimensionless factor bg in front of 
i?(r, g) in L2 appears because there is no reason for cou- 
plings of the scalar curvature to the measures $ and g 
to be equal. We choose bg > and k = WttG. L™ and 
L™ are the matter Lagrangians which can contain all 
possible terms compatible with postulated symmetries. 

Since the measure <& is sign indefinite, the total vol- 
ume measure ($ + bg^—g) in the gravitational term 
— / i?(r, g){'^ + bg^/^)d'^x in the action ([!]) is gener- 
ically also sign indefinite. 

Applying the Palatini formalism one can show[|-0 
that in addition to the Christoffel's connection coeffi- 
cients, the resulting relation between connection and 
metric includes also the gradient of ^. Consequently 
geometry of the space-time with the metric g^u is non- 
Riemannian if ^ 7^ const.. In particular, the covariant 
derivative of g^^ with this connection is nonzero (non- 
metricity). The gravity and matter field equations ob- 
tained by means of the first order formalism contain both 
^ and its gradient as well. It turns out that at least at 
the classical level, the measure fields affect the theory 
only through the scalar field ^. 

For the class of models (O, the consistency of Eqs.Q 



and ([4]) implies the following algebraic equation 

(C - bg)[sM^ - LT) + 5- + P) - = 

(6) 

which determines ^(x) as a local function of matter fields. 
Note that the geometrical object £^{x) has no its own dy- 
namical equation of motion and its space-time behavior 
is totally determined by the matter fields dynamics via 
Eq.®. Together with this, since ^ enters into the matter 
field equations, it generically has straightforward effects 
on the matter dynamics through the forms of potentials, 
variable fermion masses and selfinteractionsQ-Q. 
With the new metric defined by the transformation 

g,,u ^ i^ + bg)gf,^, (7) 

the connection F^^^ becomes equal to the Christoffel con- 
nection coefficients of the metric g^i, and the space-time 
turns into (pseudo) Riemannian. This is why the set of 
dynamical variables using the metric 5^1/ we call the Ein- 
stein frame. It is very important that the transformation 
([7]) is not a conformal one since (i^ + ^g) is sign indefi- 
nite. But g^i, is the regular pseudo-Ricmannian metric. 
Gravitational equations (UJ in the Einstein frame take 
canonical GR formQ-Q 

G,A9o.0) = l^fj (8) 

where G^i,{gap) is the Einstein tensor in the Rieman- 
nian space-time with the metric g^^ and the energy- 
momentum tensor T^l^ depends on ^ which is a local 
fimction of matter fields resulting from Eq.([6]) rewritten 
in the Einstein frame. 

Let us now turn to intrinsic symmetry of TMT which 
can reveal itself in a model with only the measure $. 
Indeed, if in Eq.® 6g = and = then Eq.® reads 

fjjm 

LT-9''g^ = sM\ if e^O. (9) 

If in addition L™ is homogeneous of degree 1 in g'^" then 
the integration constant M must be zero. The simplest 
example of a model for satisfying this property is 
the massless scalar field. In such a case the theory is 
invariant under the local transformations 

-> ^'{x) = J{x)^x), 
QtLvix) 9't,A^) = J{x)9t^'^i.x) (10) 

where J{x) = Det{^^) is the Jacobian of a transforma- 
tion ipa (p'a — ip'^^ipb) in the space of the scalar fields 
ifia- This symmetry was studied in earlier pulicationsQ 
where we called it the local Einstein symmetry (LES). 

Consider now linear transformations in the space of the 
scalar fields 

'fa^^'a=Al^b + Cb, a, 5 =1,2,3,4 (11) 
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where = constants, Ct = constants. Then LES (jlOp 
is reduced to transformations of the global Einstein sym- 
metry (GES) with J = rfet(yl^) = const. The feature 
of the Einstein symmetry we did not discuss before con- 
sists in the existence of Z2 subgroup of the sign inversions 
when J = — 1: 



(12) 



that, as we will see below, is very important for under- 
standing what happens in the transition to a A = state. 
LES as well as GES appear to be explicitly broken if 
is not a homogeneous function of degree 1 in g'^'^, for 
example as in the model where L^" describes a scalar field 
with a nontrivial potential. The Lagrangian L™ generi- 
cally breaks the Einstein symmetry too. The transforma- 
tion of GES originated by the infinitesimal linear trans- 
formations (faix) — > ^a{x) = (1 -I- e/A)ipa{x), 6 = COnst., 

yields the following variation of the action ([l} written in 
the form S — J Cd'^x where £ = <i>Li + 5X2: 



dC 



Li 



ed X. 



(13) 



The first term in (|13p equals zero on the mass shell giving 
the gravitational equation recall that we proceed in 
the first order formalism. Integrating the second term by 
part, using Eq.® and the definition ^ of the measure $, 
we reduce the variation (fTH]) to 5S — e j d^j^d'^x where 
df.jf' = sM^^ and j^' = sM'^B^ipa. In the presence 
of topological defects with $ = 0, Eq.([3]) does not hold 
anymore all over space-time, and one should keep Li in 
the definition of the current: — LiBj^ipa- 

To present the result in the generally coordinate in- 
variant form one has to use the covariant divergence. 
However when doing this using the original metric we 
encounter the non-metricity problem. It is much more 
transparent to use the Einstein frame ([7]) where the 
space-time becomes pseudo-Riemannian and the covari- 
ant derivative of the metric g^i, equals zero identically. 
Thus with the definition jf^ = -^^J^, using the defini- 
tion of ^ in Eq. Q and the transformation to the Einstein 
frame ^ we obtain 



sM^ 



(14) 



As one should expect, when L2 = and is homoge- 
neous of degree 1 in g'^", i.e. in the case of unbroken GES, 
the current is conserved because in this case the integra- 
tion constant M = 0. Let us consider now more realistic 
model including gravity as in Eqs.® and a scalar field (j) 
with 

The appearance of the dimensionless factor 6^ is ex- 
plained by the fact that normalizing all the fields such 
that their couplings to the measure $ have no additional 



factors, we are not able in general to provide the same 
in the terms describing the appropriate couplings to the 
measure y/~g. Generically 6^ ^ bg that yields a non- 
linear kinetic term (i.e. the fc-essence type dynamics) in 
the Einstein frame 6]. But for purposes of the present pa- 
per it is enough to take a simplified model with — bg 
(which is in fact a fine tuning) since the nonlinear kinetic 
term has no qualitative effect on the CC problem. 

The TMT procedure consists of using the least ac- 
tion principle with respect to all the dynamical vari- 
ables, as the first step, and in the second step one should 
rewrite all equations of motion in the Einstein frame. 
The field equations of the model ([15]) written in the Ein- 
stein frame include the Einstein equations ([5]) with the 
energy-momentum tensor 

T^/J = ^,^^..-l9^.9"^(t>.c.^.0 + ~g^..Veffi(t>;C,M), (16) 

where putting M in the arguments of Veff we indicate 
explicitly that Veff incorporates our choice for the inte- 
gration constant sAf^ 



Veffi<l>;C,M) 

and the ^-equation 
1 



bg [sM^ + Vi]~-V2 



(C- 



dVr- 



(17) 



(18) 



As we will see soon, the ^-dependence of K/ / (</>; M) in 
the form of inverse square like (C + ^g)"^ has a key role 
in the resolution of the old CC problem in TMT. One 
can show that if quantum corrections to the underlying 
action generate nonminimal coupling like oc R{T,g)(l)^ in 
both Li and L2, the general form of the ^-dependence of 
Veff remains similar: Veff oc + f i4>))~'^ , where f{(f>) is 
a function. The fact that only such type of ^-dependence 
emerges in Veff{(j);C,M), and a ^-dependence is absent 
for example in the numerator of Veff{(f>;^,M), is a di- 
rect result of our basic assumption that Li and L2 are 
independent of the measure fields. 

The scalar field ^ in Veff{(f>; C, M) is determined as the 
solution of Eq. ^ which reads now 



(e - bg) [sM^ + Vi{<j))\ + 21/2(0) = 
and it results in the finite form of Vg// (</)): 

[sM^ + Vif 



VeffW 



A[bg{sM^ + Vi)-V2Y 



(19) 



(20) 



For an arbitrary nonconstant function Vi {(f)) there exist 
infinitely many values of the integration constant sAI* 
such that Vef / (0) has the absolute minimum at some (f) — 
(j)o with VeffiM = (provided bg[sM'^+Vi{(j))]-V2{(j)) > 
0). This happens without any sort of fine tuning as 
sM* -I- Vi{(j)o) = . When the scalar field (j> rolls down 
its absolute minimum, the scalar |^| — > 00 and, according 
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to Eq.lHl), VpJ^ -> 0. Thus, the GES explicitly broken 
in the underlying action, emerges in the vacuum which, 
as it turns out, has zero energy density. And vice versa, 
emergence of GES due to |^| — > c» implies, according to 
Eq. a transition to a A — state. 

Other way to understand what happens when the dy- 
namical evolution of the gravity+scalar field cj) -system 
pushes 1^1 = |<i>|/-^/^ oo, is to look at the underlying 
action p|l . ((5|) . (fT5| . ft is evident that in this limit the sec- 
ond term in ^ becomes negligible in comparison with 
the first one, and therefore the only remaining term which 
breaks the GES is — / Vi{(p)^d'^x. However, as |^| oo, 
the consistency condition ([6]) takes the form ([9]) which is 
equivalent to the condition Vi{(j)o) + sM"^ = where 0o 
is such a value of 4> that the integration constant sM^ 
compensates Vi{4'o) exactly. The constancy of (j) means 
that this is the stable vacuum state, and as we have seen 
above it has zero energy density. On the other hand, the 
appearance of the integration constant sM* (see Eq.Q) 
is the intrinsic feature of TMT resulting from the pres- 
ence of the measure $ in the underlying action. Thus we 
conclude that the effect of the measure in the transi- 
tion to a K — Q state consists in the dynamical damping 
of all terms breaking the GES. 

To see in more details characteristic features of the 
transition to a A = state it is worth to look at the 
appropriate cosmological solution in a simple model. Let 
us consider a model ([5]), p3|) with Vi — ^/ii^^, V2 — 

^2^"^ + 5^2"^^; notice that adding a constant to does not 
effect equations of motion. We take negative integration 
constant, i.e. s = —1, and the only restriction on the 
values of the integration constant M and the parameters 
is that denominator in (|20p is positive. 

Consider spatially flat FRW universe with the met- 
ric in the Einstein frame g^n — diag{l,—a^,—a'^,—a^), 
where a = a{t) is the scale factor. Without any sort 



of fine tuning, the cosmological solution ends with the 
transition to a A = state. The characteristic fea- 
tures of this transition are presented in Figs.l and 2. 
In the phase plane of the scalar cf) (Fig. 2) one can see 
the oscillatory behavior of around the absolute min- 
imum (j)Q where the energy density equals zero (for il- 
lustrative purposes the parameters are chosen such that 
Veff = (MV26g)(02-M2)2/(02-f 4M2) and 0o = ±M). 
Four graphs in Fig.l show behavior of components of the 
metric = (f (used in the underlying action 
where the space-time is non-Rimannian) , of the measure 
$ and the scalar in the r.h.s. of Eq. p^ . All these quan- 
tities tend zero via oscillations around zero. Solution 
with such type of oscillations becomes possible 
because the GES and its subgroup of the sign in- 
versions emerges near the A — vacuum state. 
Notice that the measure $ and the metric g^j.^ pass zero 
only in a discrete set of moments during the transition to 
the A = state. Therefore there is no problem with the 
condition $ used in the solution. Also there is no 
problem with singularity of g^'^ in the underlying action 
since is always finite. The metric in the Einstein 

frame is always regular because irregularity of g^^i, is 
compensated in Eq.([7]) by singularity of the ratio of two 
measures ^ = ^f^/^- 

Qualitatively the same relation between the fine tuning 
free transition to A = state and emergence of the GES 
holds in all TMT models of the form ([1]) , ([5]) , ((151) with 
a non-trivial dynamics and, in particular, in the scale 
invariant models [13], 0- This will be shown in a longer 
paper. 
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